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Introduction of the model

Introduction of the model

Aim: describe the dynamics of a binary mixture of compressible,
viscous and macroscopically immiscible fluids in a bounded
domain

Possible approaches:

1.Classical approach: the interface between the two fluids is sharp
and is evolving in time along with the fluid, the movement of the
interface at each time is determined by a set of interfaci]TJO 0 7Aalanc



Introduction of the model

lllustration of a diffuse interface versus a sharp interface

Interfage Intgyface 2 o

Figure: lllustration of a diffuse interface and of a sharp interface for a
mixture of two immiscible fluids
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Introduction of the model

Phase-field approach

@ Interface of finite width "

@ cis an order parameter (e.g. the concentration difference) that takes value
1 in the bulk of one fluid and value —1 in the bulk of the other fluid, varying
continuously between —1 and 1 at the interface

@ c satisfies an equation of Allen-Cahn type

@ the fluid density and respectively velocity ( , v) satisfy the compressible
Navier-Stokes equations coupled to the Allen-Cahn equation through a
capillarity force (divy ryc ryc— 1[r cl’l)



Introduction of the model

The compressible Navier-Stokes-Allen-Cahn Model

The Blesgen model:

@ +div,( u)=0, Q)
@:( u) +div,( u u)+ rp( ,c)=div,S(ryu)

2
—divy, ryc ryc-— %\l’xcl2I : @
0:( o)+div,( cu) = -, (3)

_ @f( ,c)
= xC+ Gc 4)

The tensor S(ryu) =  r,u'+ riu- Zdiv,ul + divul, >0.

The free energy is Efree( ,C, xC) = 3|rxcf + f( ,0).
The pressure is derived from the free energy p( ,c) = 289,
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Overview on the existing results

Overview on the existing results

Theoretical study of the model: existence of weak and strong solutions, presence
of initial vacuum

Blesgen (1999): introduction of the model

Feireisl, Petzeltov”



Overview on the existing results

Overview on the existing results




Dissipative weak solutions and main results

A simplified version

We consider the free energy in a simplified form

Enee = 5110 + Fu0) + Fo( ), ©)
yielding the pressure
P(,0)=pe( ) = Folc), pe( )= FJ( )= Fo( ). (6)
The Allen-Cahn equation taken in a simplified form:
@ic+u ryc= - F)Xo). @)

Boundary conditions: u=0,c=c,on @
Pe 2 C[0, 1)\ C1(0, 1),
PY()>0for >0, liminfpi( ) >0, pe( ) 6 c(1+ Fo( )) forall >0, ®)
F:2 C*(R), FX(c)>0forallc2 (-1,-¢c][[c,1), c>0. 9)
Typically Fo( ) =a ,a>0, >1,F,=(c?-1)?regular double well potential.
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Dissipative weak solutions and main results

Dissipative weak solutions

Let the initial data,

(01 ): 0 U(O, ):( U)o, C(Ov ): Co, (10)
be given in the class

(U)ol
0

o>0ae.in , +Fe( o) dx<1,

(11)
G2 W2( INLY( ), cle = G
We search for [ , u, c] in the class of functions
JFe( )21, T; LY )), >0aa.in(0,T)
u2 L2, T; Wi2( ;RYY),
c2 L, T; W¥2( )\ L2, T; W22( )\ LL(0, T) ), clo = Cp;
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Dissipative weak solutions and main results

Dissipative weak solutions

@ The integral identity for

z = L 1Z
Tdx = [@”+ u r,”] dxdt, 8 >0,”2CY[0,T] )
=0 0
@ The integral identity for the momentum equation
VA = L Z
u @ dx = [ U@+ u u:rye+p.( )divye] dxdt
=0 ;0.

- S(ryu): rye dxdt
2z
1
+ r,C r,-— E\rxcl



Dissipative weak solutions and main results

Dissipative weak solutions

@ The Allen-Cahn equation:
@c+u ryc= ,c-FXc),aa.(0,T) ,c(0,)=co Clg = cp;

@ The energy inequality:

z =
1 1
> Ul + Sirel? + Fo( ) + Fo(c)  dx
2 2 —o
77 71
+ S(ryu) : ryu dxdt+ [ xc—FXc) dxdt60,8 =>0.
0 0
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Dissipative weak solutions and main results

Weak-strong uniqueness

Let RN, N = 1, 2,3 be a bounded Lipschitz domain. Let

[ ,u,c] be a dissipative weak solution in (0, T) in the sense
specified above. Suppose that the same problem admits a
classical solution [r, U, C], r > 0 defined on the same time interval.
Then

=r,u=U,c=Cin(0,T7)
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Dissipative weak solutions and main results

Low Mach number limit

After rescaling the elastic pressure:
@ +div,( u) =0,

0 W +div( U W)+ = rpe( ) = div,S(ru)

. 1
—divy, r,c rXc—E\rXu



Dissipative weak solutions and main results




Dissipative weak solutions and main results

Low Mach number limit

Suppose that problem (14) admits a smooth solution [U, C], with the initial data
[Uo, Co], on a time interval [0, T]. Suppose
VA
(0, )= on=1+"§,  Rdx=o,

u@0, ) =uor, 2 W 0inL( ), up~ ¥ Uginl2( ;RY),
C(O, ): Co"' 2 Ll\Wolz( ), kCO"'kLl( ) - 1, CO," | Co in W(;L'z( )

as™ ¥ 0. Let[ ~,u~, c]+=o be a dissipative weak solution of the compressible
NSAC with the initial data [ o, Uo, ¢], ke-Kia¢o,ry ) - 1. Then

«(t, ) Y 1inl*(C ), u=(t, ) X U, )inl2( RN, c(t, ) ¥ C(t, ) in W2( )

uniformly for t 2 [0, T].
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Relative energy

Relative energy inequality

h i— ZZnh i
E ,curCU ot . S(ryu) : (ryu— rryU)+ 2 dxdt
71

6 — Fe(c)diveu+  FJ(c) dxdt
7 7

+ (U-u) @U+ u (U-u) riu (U—-u) dxdt
Pz i

- @FX(r)+ u ryFi(r) dxdt— pe( )div,U dxdt
Lz ° 7z

- e - %jrxcjzl U dxdt + Fo(c)div,U dxdt
Pz 71 0

+ @:( xC)c dxdt+ «C[ —u Iycl dxdt
2z z 0

+ @; +



Application: weak-strong uniqueness

Weak-strong uniqueness

Idea: Take [r, U, C] a strong solution of the problem, use it as test function in the relative
energy inequality and apply a Gronwall type argument.
Convective term in the equation of continuity:

Z 7
(U—-u) @U+ u riu (U—u) dxdt
Z 7
= U—-u) @U+ (U—u) riu u dxdt
2°z
+ (u=-U) riu (U-u) dxdt
27y i
6 (= —DU=U)  xFo(C) = Irxpe(r) — IxC 5C+divyS(IryU) dxdt
o 7 717y i
+¢, E ,c,ur,CU dt+ (U—u) ryF(C) — rype(r) —rxC xC dxdt
7z ? 0

- (ryU— ryu):S(ryU) dxdt.
0
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Application: weak-strong uniqueness

We can prove that:
VAV i
S 21 (U=ou) 1Fu(C) = rpe(r) — 1 C 1C+div,S(rU)  dxdt
o 7 z1
6 & ourCU dt+% S(r) = SR £ (ru - RU) dxdt

Technical ingredient: We introduce a cut-off function 2 CX(0, 1),

06 61, 1in[,1], where st r(t,x)2[2,:2]18(tx)2][0,T]
For h 2 L*((0, T) ), we set

h= hess + hres; hess = ( )h: hres = (1 - ( ))h We can prove:

Fo( )= Fo(N( =1 = Fo(N) & ( = Nige+ (1 + Jres

and
Z

& ,uc nucCc & U—UP+[ =g+ Llres+ res dx.
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Application: weak-strong uniqueness

Thus,
Z 7 i
— =1 (U=u) rF(C)—ryp(r)—ryC ,C+div,S(r,U) dxdt
° z
- | —r] |U=ul dxdt
7z Z1
6 [ — rless| lU—ul dxdt+ [ — rlresl U —ul dxdt
° 712 0 71
6¢c() [ =P+ Lres+ res+ |u—UP dxdt+ lu—UP dxdt
0 0

Using the Korn—Poincaré inequality
VA VA
lu—UP+Ir,(u=-U) dx6cp (S(ryu)—S(r)): (r,u-r,U) dx,

we get the desired inequality.
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Application: weak-strong uniqueness

Terms containing the order parameter:

h i- .1

£ ounCU  +  I(S(rw)-S(ru): (ru—ru) dxdt
i = o 4

+ | ,c— xCP dxdt
2z

6 LC(ryC — ryc) (u-U) dxdt
2°z

- rU: r(C-c¢) ry(C-oc) - %|I’X(C — o)1 dxdt
2z

+ div, (U = u) (F.(c) — F-(C)) dxdt
2z Z

+ [ x(C=0)(FXc) - FX(C))] dxdt+¢c; & ,cu r,C,U dt.
0 0
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Application: weak-strong uniqueness

Using the boundedness of ¢ and C, we get:

divy (U — u) (Fe(c) - Fo(C)) + «(C = c)(Fi(c) - FA(C))
- Irxu=U)I+| yc— «Cl[c-Cl

Using the Korn-Poincaré inequality, we obtain:

h i Z
& ,curC,U - & ,cur, @

=0 0



Application: incompressible limit

Application: incompressible limit
Existence of the limit problem (incompressible NSAC):
Lin, Liu (1995): Existence of global weak solutions, existence of strong solution

globally in 2D and locally in 3D
Thanks to the energy inequality and the continuity equation, [ -, u-, ¢+] satisfy:

Z

5 WP SN+ 5 (R )-FI( -~ 1) - )



Application: incompressible limit

We can write

L E()-FO(--D-Raya ot 48T e g

ess

Using the boundedness of the energy

(1



Application: incompressible limit

1 1
& ,u,c UcC = 5 |u—U|2+§|rXC—I’XC\2

i (Fo ) = FS)( - 1) = Fu(D)) dx
i ZZn

&« w,ceux C,U + S(ryu-): (rus — )+ 2
t=0 0



Application: incompressible limit

Using the same treatment for the convective terms, we get:

i Z 7 p i
&+ w,c,ur C,U = + 1 (S(ryu+) = S(ryU)) : (ryu- — r,U)+ 2 dxd
7 7 t=0 2 g

6 - [F.(c-)divyeus + «F)(c+)] dxdt

7 ?
+ U—-u) (-r, —div(ryC r,C)) dxdt

2z
- (ryc: rye!):r,U dxdt

2z 71
+ @:( xC)c- dxdt+ xC[ »=u+ ryc] dxdt

2z 0z
+ . @,%\rXC\Z dxdt+ ¢ 08-- w,Cc,u+ C,U dt.

(18)
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Application: incompressible limit

The only term different to the weak-strong uniqueness case is the one in

ry —ryF(C):
h i- Z
&+ w,cnus CU - & w,cnue CU at
t=0 OZ 7
+ (U=-u) ry( - F(C)) dxdt.
0
From the assumptions on the initial conditions £+ ~,¢-,u~ C,U (0) ¥ Oas
"1
Using the continuity equation we also have:
Z 7 Z 7 Z (=
U=-u+) r,” dxdt=- (1- “)u- r,” dxdt- -7 dx
0 Z0 7 t=0
+ -@;~ dxdt,
0
with = = — F,(C) and this term converges uniformly to 0 over 2 [0, T].
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Application: numerical anproximation

Application: numerical approximation

Work in collaboration with Eduard Feireisl and Bangwei She:

1. Discretise the problem by a stable and consistent scheme

2. Prove that the numerical solutions converge to a dissipative
weak solution and thus, by the weak-strong uniqueness principle,
prove the unconditional convergence to a strong solution if the later
exists
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Starting point:

T. Karper: A convergent FEM-DG method for compressible Navier-Stokes
system, 2013 ( > 3)

E. Feireisl and M. Lukafova-Medvid'ova: Convergence of a mixed finite
element—discontinuous Galerkin scheme for the isentropic Navier-Stokes system
via dissipative measure-valued solutions, 2018 ( > 1)

Here and hereafter we suppose that

p 2 C[0, 1)\ C?(0, 1), p(0) =0, p°( ) >0for =>0;
the pressure potential



Application: numerical anproximation

Mesh

LetT




Application: numerical anproximation

Function spaces

P(K






Application: numerical anproximation

Discrete Laplace operator
Forany v 2 X, we define v 2 W, :={v 2 Xj| v dx = 0} such that
Z

- pv w dx = B(v,w) forany w2 W, (21)
— Cs
B(v,w) = rpv rywdx+ [Win {ravi+[viin {rywh+ =0Vwl d
2E

where cg > 0 is a sufficient large constant to ensure the coercivity. The following
identity holds:

1 1 1
B(v,v—-w) = EB(V, v) — EB(W, w) + EB(V - W,V —w).
Furthermore, we define the following seminorms

|v






Application: numerical anproximation

Numerical scheme

X
D, Z h dx — F?p( ﬁ,UZ)[[ h]]d =0, 8 h2 Oh;

z < I* z
Di( k8% @n dx — FaP( (GEuf) [[exld + rauf i rhep, dx
z %z z
+ dthUZdth(ph dx = pﬁdivh(ph dx + (f/f - th)rhCZ ©n dx, 8(ph 2 Vy;
z z
(Dtcﬁ + UZ rhc’;) h dx = /l-,(:;(7 - f/: h dX, 8 h 2 Xha
where D;vk = Ui/ V" " for aII k=1,...,Nr,pf=p( %), =92 + >o0and

22(c,,+1) ifck 2 (-1, -1),
k= _(ch)? —ct1=1 %9961 0 Td [JF1007dKJ 0 58 9269



Application: numerical anproximation

Some estimates

Lemma (Sobolev inequality)

Let r > 0 be a function defined on R such that
Z z

O<cy® rdx,and r dx6cefor >1,

where ¢y and ce are some positive constants. Then
Z

kvakla( y - c(kravakl, o+ rlPy? dx)

forany v, 2V, and16 q6 6 ford =3,1 6 g< A ford = 2, where
¢ = c(cw, Ce).-
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Application: numerical anproximation

Stability

?onservati%n of mass:

z z z
Kdx = Mldx= = Odx = 9 odx= 0odx,8k=1,...,Nr.

Discrete energy balance: Let ( &, uk, ck) satisfy the numerical scheme, then:
z

1 2 1
D 5 K& +PCHdx+D  F(ch) dx+ Jlkeikiy
+ krpufk?, + kdivaugk?, +KkDcf + uf 1rickk?, = —Dpym,

where Dhum = 0 is the numerical dissipation
z

t 1. . 1
Dnum = > }; 1]&&12 dx + 3






k—1

There exist 2 cof{ o K}and 2co{ &k, f}forany = K|L 2 € such that
Z

DP( ) dx+  p( P)divauf dx
tZ >’ g
=-— PO fFdx=" " PO P A+l nl d 60,
2E
Take p= DIC’E + Ug rhC[,f, 2 Xp:
Z
D,Cf?+u

ox



Application: numerical anproximation

Uniform bounds

Let ( p, Up, Ch) be a solution to the numerical scheme for > 1. Then:

K pliPkaps - 1, kopkeap -1, kplpk 2 o1,
L1 +I
kr,,u,,kLsz -1, kdthUhkLsz -1, kU/—,kLsz -1, k huhkLZLq -1,

sup |kepk| sup |kep(Hklg - 1, Kkfpkja,2  kepkjaz - KF(Cp)kan - 1,
t2(0,T) t2(0,T)

kepkiap - sup |kepk|g + kepk a2 - 1, KkDicp +up rpcpkzz - 1,
t2(0,T)

k hchkLZLZ - 1, kD[ChkL2L3:2 1.

wherep2[1,1),q2[1, ) ifd=2o0orp=6,q= 2 ifd=3.

+6
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The idea of the proof is to construct a mapping & that satisfies the topological
degree theory. Define:

V= Z,UZ)ZQ,] M, ',§>O,
W= (5UN2Q, My kUkk6 C,, < K<

where Uk = (uk,ck) 2 v, X, = M}, and the norm kUXKk is given by
KUKk kukkys + Kekkye.
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Next, for 2 [0,1] and U? = (u?, c?) we define

F:V [011%Q M, (KU )y -



Application: numerical anproximation

Consistency

Let (
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